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Abstract 

By using a continuum of oscillators as a reservoir, we present a 
classical and a quantum-mechanical treatment for the Higgs model in 
the presence of dissipation. In this base, a fully canonical approach 
is used to quantize the damped particle on a spherical surface under 
the action of a conservative central force, the conjugate momentum 
is defined and the Hamiltonian is derived. The equations of motion 
for the canonical variables and in turn the Langevin equation are ob¬ 
tained. It is shown that the dynamics of the dissipative Higgs model 
is not only determined by a projected susceptibility tensor that obeys 
the Kramers-Kronig relations and a noise operator but also the cur¬ 
vature of the spherical space. Due to the gnomonic projection from 
the spherical space to the tangent plane, the projected susceptibility 
displays anisotropic character in the tangent plane. To illuminate the 
effect of dissipation on the Higgs model, the transition rate between 
energy levels of the particle on the sphere is calculated. It is seen that 
appreciable probabilities for transition are possible only if the transi¬ 
tion and reservoir’s oscillators frequencies to be nearly on resonance. 

Keywords: Higgs model; Dissipation; Langevin equation; Suscep¬ 
tibly tensor. 

PACS: 03.65.-w, 04.62,+v, ll.10.Ef, 05.40.Ca, 03.70.+k 

*Ehsan.amooghorban@sci.sku.ac.ir 
' mahdifar _ a@sci. sku. ac. ir 


1 



1 Introduction 


Higgs and Leemon investigated the non-relativistic motion of a particle em¬ 
bedded on a sphere under the influence of conservative central potentials 
DEI- These central potentials reduce to the familiar Coulomb and isotropic 
oscillator potentials of a Euclidean geometry when the curvature of the sphere 
goes to zero. Higgs defined the motion on a sphere of a constant radius by 
means of a gnomonic projection from the motion of a plane, tangent to the 
sphere at a given point. The advantage of this projection over all others for 
the analysis of particle motion on a sphere derives from the fact that free 
particle motion, uniform motion on a great circle, projects into a rectilin¬ 
ear plane while its non-uniform motion projects into the tangent plane. In 
other words, the projected free particle orbits are the same as those in the 
Euclidean geometry: the curvature affects only the speed of the projected 
motion. Higgs also showed that this feature persists in the presence of a cen¬ 
tral force derived from a potential V(r), i.e. he proved that the dynamical 
symmetries in a sphere are the same as those in the plane. Using the Hamil¬ 
tonians as functions of the Casimir operators, the eigenstates and eigenvalues 
of the two systems were also obtained in [Op and [2], respectively. 

In Ref. [3], based on the Higgs model, we have constructed the general¬ 
ized (nonlinear) coherent states jlj of a two-dimensional harmonic oscillator 
on a spherical surface to study some of their quantum optical properties. 
Accordingly, we have developed a feasible physical model to generate nonlin¬ 
ear coherent states on a sphere in a generalized trapped ion system [5]. The 
geometry and the algebra of the sphere coherent states is studied in M. it 
has been shown that the structure and properties of sphere-(nonlinear) co¬ 
herent states could be explored to studying the curvature effects of physical 
space on both transition probability and geometric phase. 

Moreover, we have investigated a two-dimensional isotropic harmonic os¬ 
cillator on a sphere with a time-dependent radius [8]. It is seen that variations 
in the sphere radius could be represented by a minimally coupled Hamilto¬ 
nian. As a realization of the model, a two-dimensional isotropic harmonic 
oscillator was considered on a fluctuating background. A simple golden rule 
was obtained for the transition probabilities per unit time between energy 
levels. 

However, the classical and the quantum-mechanical treatment of the 
Higgs model have been surveyed so far, are the limit of a more general for¬ 
malism for the case where the dissipative effects is neglected. But, we know 
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that the dissipation is a ubiquitous phenomenon in real physical systems 
and in turn leads to the remarkable effects for more physical systems. We 
therefore expect that the dissipative effects affect the dynamical properties 
of a quantum particle which is constrained to move on a spherical surface 
and lead to some interesting results. The question which naturally arises in 
this context, how can we describe the Higgs model in the presence of the 
dissipation? The present paper is intended to respond to this question. 

On the other hand, in classical physics the dissipation effects can be 
described by introducing a velocity proportional force in the equation of 
motion. In quantum mechanics, we can borrow the idea of force from the 
classical dynamics. When the force is conservative, the formulation of the 
quantum analogue of the classical motion is straightforward. But, the in¬ 
clusion of dissipation by introducing the velocity proportional force require 
a time dependent Lagrangian and Hamiltonian and this leads to the incon¬ 
sistencies between the equations of motion and the canonical commutation 
relations. In addition, the result depends on our choice of the Lagrangian 
or the Hamiltonian. Several approaches have been developed to circumvent 
this problem 0-GS- The most successful and rather general approach is 
based on a reservoir concept by introducing it explicitly in the quantization 
process. Although, knowing the microscopic details of the reservoir is not 
necessarily needed. 

Recently, we have presented a Lagrangian scheme to the quantization of 
the dissipative systems p3JJ. This approach allows us to obtain a deeper un¬ 
derstanding from the mechanism of the dissipation in the higgs model, as 
well as it brings forth the simplest way in which the dissipation and the fluc¬ 
tuation effects emerge from the classical to the quantum relativistic domain. 
In the quantization process, it is seen that a reservoir containing of a contin¬ 
uum of three dimensional harmonic oscillators mimics the isotropic [20] and 
anisotropic dissipative materials [19] and even the nonlinear dissipative mate¬ 
rials [21]. Consequently, the main system including the reservoir is described 
by a time-independent Lagrangian and Hamiltonian and the quantization of 
the dissipative system is performed in a completely standard fashion. 

The paper is organized as follows. In Sec. 2, we propose a Lagrangian for 
the total system and investigate a classical treatment of a dissipative particle 
embedded on a spherical space by means of the gnomonic coordinate. In Sec. 
3, we use the Lagrangian introduced in the Sec. 2 to canonically quantize 
the system and obtain the corresponding Langevin equation. Subsequently, 
in Sec. 4, as a simple application, we calculate the transition rate between 
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energy levels of the particle on the sphere and show that how the curvature 
of physical space and the dissipative effect compete in the transition rate of 
aforementioned particle. Finally, the summary and concluding remarks are 
given in section 5. 


2 Classical dynamics 


The dissipative effects for more physical systems are important and can not 
be ignored. One of these interesting systems, which has been studied by 
Higgs HI, is a quantum particle on a two-dimensional sphere under the ac¬ 
tion of a conservative central force. In the higgs model, we may imagine that 
the dissipation effects introduce to our formalism by interacting the main 
system with the quantum vacuum field and/or a lossy medium. This ap¬ 
proach based on the Lagrangian quantization scheme therefore prepares the 
grounds to extend the Higgs model to include the dissipative effects. In |[T9] . 
the classical and the quantum description of a dissipative system was accom¬ 
plished by modeling a system interacting with a reservoir. The reservoir was 
assumed there made up a continuum of three dimensional harmonic oscilla¬ 
tors labeled by a continuous parameter oj. This reservoir modeling in fact was 
inspired on the basis of the microscopic Hayfield model of a dielectric |22j . 
We apply this approach to examine the classical and the quantum treatment 
of the dissipative particle embedded on the spherical space. Let us start the 
following classical Lagrangian for the total system 


L[t) — L T (t) + L s (t ) + 


( 1 ) 


The first term L T (t) is the Lagrangian of the reservoir which is a continuum 
of three dimensional harmonic oscillators defined by 


L T (t) = 


doj 


X 2 (co,t)-co 2 X 2 (co,t) 


( 2 ) 


where Xi(u, t), i = 1,2, 3, are the Cartesian components of the reservoir vari¬ 
able and the Einstein convention for repeated indices is used. 


The second term L s (t) is the Lagrangian of our main system on a sphere 
with radius R under the influence of a conservative centeral force derived 
from a potential V(|q|), given by 

L *(t) = ymq 2 (f) - H(|q|), (3) 
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where the Cartesian coordinates of the particle embedded on the spherical 
space are designated by q = (q \, g 2 , Q 3 ) and is assumed that they satisfy the 
sphere equation: qf + q 2 + q 2 = 

In [U I2j, the authors introduced a gnomonic projection by means of the 
projection of a point on the sphere through its center onto the tangent plane 
in the embedding space. The advantage of this projection over all others for 
the analysis of the motion of a particle on a sphere stems from the fact that 
a free particle on a sphere just affects by the curvature of the sphere and 
the form of the central potentials does not change by the curvature of the 
sphere. We can use this advantage by applying the gnomonic projection to 
the Lagrangian of our system. To this end, we first express the relationship 
between the Cartesian coordinates q of the particle embedded on the sphere 
and two Cartesian coordinates x a (a = 1,2) of the tangent plane as 

q = A^Oi,^, A“5), (4) 

where A = Rr 2 is the curvature of the sphere, A = \/l + Ar 2 and r 2 = xpxp. 
On the other hand, for further calculations, it is convenient to obtain the 
metric tensor of the physical space. According to above relation, It can be 
easily shown that the metric tensor of physical space in terms of the tangent 
space coordinates is g(x, A) = A~ 2 (l — AA~ 2 xx). This enable us to rewrite 
the Lagrangian ([3]) in term of the new variable x Q as 

= 2 X 2 (* 2 - A^) - ^(x). (5) 

The Lagrangian L [nt (t) is the interaction term defined by 

poo 

Lint(t) = / du f(u) qi(t) Xi(u>, t). (6) 

J 0 

Similar to the main system Lagrangian (15]h we can rewrite L int (t) in term 
of the coordinate of the tangent plane as 

poo 

Lmt(t)= <kjf(u)aip(^,X)xpXi(u,t), (7) 

Jo 

where the geometric tensor a(x, A) is defined in term of the metric tensor as 
ai a a l/3 (x, A) = p Q ^(x, A). Now, the total Lagrangian (Jl]) has been specified in 
term of the coordinates of the tangent plane, we can use the Euler-Lagrange 
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equation to obtain the classical equations of motion. We find that the classi¬ 
cal equations for dynamical variables x of the spherical particle and X(cu, t) 
of the reservoir, are respectively 



( 8 ) 


and 


Xi(u,t) +u 2 Xi(uj,t) = a i/3 (x, A) xp(t)f(u), 


(9) 


where g x (x, A) = A 2 (1 + Axx) is the inverse of the metric tensor g , and the 
components of the field R are defined by 



( 10 ) 


The formal solution of the held equation (EJ) is obtained as 


sin ut 


Xi(u,t ) = Xi(u>, 0) 


+ Xi(cu , 0 ) cosc ot 


u 



( 11 ) 


where the two first term is associated with the homogeneous solution of 
Eq. (jnj) and the third term is related to the inhomogeneous one. By substi¬ 
tuting the solution Xi(cu,t) into the Eq. (ITU]) , the held R is obtained as 


OO 



dkt' x a p{x,\\t -t')xp{t') + -Rq ( x , A; t). ( 12 ) 


The medium susceptibility tensor projected on the tangent space, x a( g(x, A; t), 
is given by 


Xa/?(x, A;t) = ^(x, A)y(t), 


(13) 


where q(t) = J 0 °° du f(uj) ^^©(t) is the medium susceptibility function felt 
by the particle on the sphere. Incidentally, this relation shows that the sus¬ 
ceptibility function 7 and in turn the projected susceptibility tensor x satisfy 
the significant Kramers-Kronig relations, as they must be. Mathematically, 
these two susceptibility tensors are related to each other via the metric tensor. 
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Therefore, we except that, even though the medium susceptibility function 
7 (t) is isotropic and homogenous for the particle on the sphere, the projected 
susceptibility tensor on the tangent plane, x, is not only anisotropic and in¬ 
homogeneous but also depends on the curvature of the sphere. This is not 
surprising, because even in the absence of the dissipative effects, the free 
particle motion on a sphere is projected onto rectilinear, but non-uniform 
motion on the tangent plane [TJ. 

Given an arbitrary susceptibility function 7 , the coupling tensor /((u) can 
be uniquely determined. By taking the inversion of Eq. (TT3j) . the correspond¬ 
ing coupling function is obtained as following: 


/M 



^a/3( x > A ) Im [x Q/ 3(x,A;a;)] 



ImfrM], 


(14) 


where 7 ( 0 ;) is defined as 


7M 


dt 7 (f) e 


Vjjt 


t » 


a / 2 — oj 2 + A) + ' 


(15) 


The second term in Eq. flT2jl are components of a noise vector which is 
defined in terms of the medium susceptibility function 7 (£) and the geometry 
tensor a(x, A) as 


/ °° 2u 

du y—M tM] 

x 0 )——— + Xj(cj, 0 ) coscut \ . (16) 

In this manner, the field R(x, A; t) is completely determined in term of the 
medium susceptibility function 7 (t), the geometry tensor a(x, A) and the 
noise vector R N (x, A;t). Now, by inserting Eq. (1T21) into Eq. ([9]), we obtain 
the classical Langevin equation as 

2A(x-x). f°° . . . . A 4 dV(r) N . . . 

x a - — — -x a + / dt q(t -t)x a (t) H- —-x a = £ n (x, A; t), (17) 

A z ,/ 0 r dr 
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where the stochastic force induced by the reservoir, £ N (x, A; t), is given by 


f N (x,A;() = -gJ(x,\)R^(x, A;i). 


(18) 


It is clear from Eq. (ITT)) that the dissipative effects appear as a frictional force 
comprising the linear functional of the history of the velocity of the particle 
on the sphere and the inhomogeneous stochastic force £ N (x, A;£). This con¬ 
clusion is expected by referring to the consideration of Ref. [19], of course 
with a difference that the metric and the curvature of the sphere are arrived 
to our computation. In the limit 7 —>■ 0, the classical Langevin equation (fTTl) 
smoothly tend to the non-dissipative one which is indeed consistent with the 
result reported in [I], 

3 Quantum dynamics of the dissipative Higgs 
model 

By using the Lagrangian ([]]), we can now calculate canonical conjugate mo¬ 
mentum associated with the dynamical variables x(f) and X(c o,t) , respec¬ 
tively, as 


p (t) = — = A 2 x — A 4 (x • x)x + R, 
ox 


(19) 



( 20 ) 


To consider the quantum dissipative Higgs model, we impose equal-time com¬ 
mutation relations among the variables and the corresponding conjugates 
momentum as 


[x a (t),pp(t)] = ihSa/ 3 , 
[Xi(u>, £), Pj(u/, t)] = chdij S(u — u>'). 


( 21 ) 

( 22 ) 


Therefore, by using the Lagrangian ([I]) and the relations for the canonical 
conjugate variables in (OTT) and (j22|) . we obtain the quantum Hamiltonian of 
the total system as 


r H = 'Hm g gs (x, p - R; A) + ■ du (P 2 (a;, t) + oj 2 X 2 (cu, t)) , (23) 
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where 


%Hi gg s(x, P; A) = -(tt q 7t q + -L a0 L a0 ) + V(x), 


(24) 


and 7r = p + | [x(x ■ p) + (x • p)x]. The above Hamiltonians (}23j) - (l23|) . to¬ 
gether with the commutation relations (12II) - (1221) . complete our procedure to 
describe the dissipative Higgs model as quantum mechanically. It is impor¬ 
tant to note that the Hamiltonian of the main system 'Hffiggs has the same 
form of the Higgs Hamiltonian [T], but with a difference that the momen¬ 
tum variable p is replaced by the expression (p — R). Indeed, this result 
justify the minimal coupling scheme was presented in p2JJ to introduce the 
dissipation effects into our formalism. 

To facilitate our calculations, let us introduce the annihilation operator 


bi(w,t) 


^^— [uXi(u,t) + iPi(u,t)]. 


(25) 


By using the canonical commutation relations (|2TT) and (12TT) . we readily ob¬ 
tain 


bi(u,t),b]{w' ,t) 


Sij5(u - a/), 


(26) 


with all other equal-time commutators being zero. By inverting Eq. (12511 . we 
can express the canonical conjugate variables X t (uj, t ) and Pi(u, t ) in terms of 
the creation and annihilation b\ (ta, t) and bi(u, t). By inserting these relations 
into the Hamiltonian (l23]l , we obtain the Hamiltonian of the total system as 
follows: 


V. = Rffi gg s(x. p - R; A) + U r , 


(27) 


where 


f°° h r 

R Q (x, A) = a JQ (x, A) / du \ - Im[ 7 (a;)] bj(u, t ) + b'Au, t ) 


7T 


(28) 


and 


U r —' I dou ftw bj(u,t) 


(29) 
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is the Hamiltonian of the reservoir in normal ordering form. To study the 
dynamics of the dissipative particle on the sphere under the central poten¬ 
tial V(q), let us proceed in the Heisenberg picture. By using commutation 
relations (]2T]) . (]22j) and the total Hamiltonian ([23]) . the equations of motion 
for the canonical variables X and P are obtained, respectively, as 

= ^[' H,Xi(u},t )] = Pi(u,t), (30) 

Pi(w,t) = ^[' H,Pi(u,t )] = -u 2 Xi(uj,t) + f{u)aipxp. (31) 

It can be easily shown that the combination of these equations are identical 
to the classical equation ([9]) with the formal solution CD- Calculations 
analogous to those of (1301) and f]3T]) give the following Heisenberg equations 
for the dynamical variables x and p, respectively, as 

x = ^ [H, q(t)] = A 2 (l + Axx) • (p - R), (32) 


P = ^ [^,p(f)] 


A (xi 2 + x(x ■ x)) 2 A 2 x(x • x ) 2 
A 4 + A 6 


W(x). (33) 


By combining the recent Heisenberg equations and eliminating the reservoir 
degrees of freedom by inserting the solution dill) into Eq. (1321) . we obtain the 
quantum analogous of the Langevin equation (fT7j) as 


2A(x • x) . f°° A 4 dV(r) aN , , , 

x a - — — -x a + / dt j(t — t )x a (t ) -t-— —x a = ^ N (x, X-t), (34) 

A z J 0 r dr 

where the explicit form of the noise operator £ N (x, A;i) is written in terms 
of the bosonic operator ([25]) as 


^ N (x, A;t) = 


-9al 


du 


him [ 7 ( 0 ;) 


7r 


( a jP 


iua 


jp)bj(u, 0 )e +h.c. 


(35) 

From these results, the close formal analogy between the classical and quan¬ 
tum treatments of the dissipative Higgs model can be seen. We can easily 
show that in the classical limit, h —> 0, Eq. (134]) properly reduces to the 
classical analogue one ([17]) . in the sense that in this limit all commutators 
vanish and the equation of motion becomes an equation for c-numbers driven 
by a noise force function. 
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3.1 Transition rates 


In this section, as an application of the presented approach, we investigate 
briefly the question of transition probabilities per unit time between two 
arbitrary states. For this purpose, we consider only the first order processes 
and write the Hamiltonian (123 p . up to first order of approximation in A, as 


(36) 



where 


^0 ^Higgs(-X-) P) ”1“ 


(37) 


and 



In the Hamiltonian (j36]h the term R 2 has been omitted since it can give rise 
to the transitions only in second or higher orders while we study here the first 
order processes in which the number of photons changes by ±1. In addition, 
for simplicity, we restrict our concentration to a sufficiently small curvature. 
Therefore, the terms including the second and higher power of the curvature 
A have been ignored too. We calculate the transition probability at time 
t from an initial state | m, Mj(u)) of "Ho to a final state \n, Mj(co ) + 1) by 
treating T-L int as a perturbation, 

Pm, Mj (ui)—yri^m, Mj ( cj )—1 



(39) 


where u. 


nm 


(E n ~ Era)IK 


j,nm 


( n \(Pp a SP + h.c.)|m), 


(40) 


and 


V'i 


J,nm ~ 


(n\(ppaji 3 X a x a + h.c.)|m). 


(41) 
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If Vj,nm an d Vj rim are explicitly time-independent, that is the case here, we 
may carry out the integral of Eq. (1H9D and obtain 


Im[ 7 (o;)]Mf(a;) sin 2 [(o; nm - u)t/ 2] 
4:Tih[(u) nrn - oj)t/ 2] 2 

x | Vj,nm + ^V'j,nm | 2 ■ (42) 

As is known, the factor j n (|42|) is a very strongly peaked 

function of cu nm . At co nm = u its amplitude increases as t and decreases to 
zero when uj nm — co = 2tt jt. The probability that Vj >nm and V'j )nm induce 
the main system to make a transition between state | n) and | m) is thus 
very small unless energy is conserved between the initial and final states. 
We may therefore replace this highly packed factor by the Dirac function 
27 Tt8(co nm — u>) in Eq. (I42]h Thus, the transition probability per unit time 
for the absorption of a phonon is given by 


P, 


m, Mj (oj) —1 


r 


m, Mj (oj)^-n^m, Mj(u)—1 


MtM] 

2 h 


MM | Vj ,nm + \V 

j,nm \ 2 s( ^ nm (43) 


which is the desired golden rule. 

In a similar way, the transition probability per unit time from an initial 
state | m, Mj(uj)) of "H 0 to a final state | n, Mj{uj) + 1) is obtained as 


Mj Mj (cj)+1 '1 n [Mj M + 1] | U ,nm + XV‘ 

j,nm I 2 nm + cu). 

(44) 

This equation is the probability of the main system to decay spontaneously 
when no radiation was initially present. 

To summarize, we obtain the appreciable transition probability only if 
E n ~ E m — hu (stimulated emission) or E n ~ E m + hw (absorption). The 
particle on the sphere may, therefore, be changed from lower (upper) states to 
upper (lower) ones by using suitable frequencies of the reservoir’s oscillators. 


4 Summary and concluding remarks 

In this paper, based on the Lagrangian scheme, the classical and the quantum- 
mechanic treatment of the damped particle on a sphere under the action of 
a conservative central force is investigated. In this approach, the dissipation 
and the fluctuation effects are introduced to our formalism by interacting the 
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reservoir containing of continuum of three dimensional harmonic oscillators 
with the main system. As a direct consequence of this interaction, the ex¬ 
plicit expressions for the projected susceptibility and quantum noise in terms 
of the coupling function and the metric of the physical system are obtained. 
It is shown that for the damped particle in the tangent plane, though the 
reservoir is assumed to be isotropic on the spherical surface, the projected 
susceptibility displays anisotropic character. 

In Heisenberg picture, the Hamiltonian and in turn the quantum Langevin 
equation is derived. Of course, this Hamiltonian appears as a minimal cou¬ 
pling form somehow that the conjugate momentum of the particle coupled to 
the field operator R. It is seen that the field operator R is expressed in terms 
of the infinite bosonic field operators. The noise operator in this approach 
are expressed in terms of these bosonic operators at the initial time and the 
metric of the physical system. It is stressed that the formalism tends to the 
normal Higgs model when the dissipative effects is neglected. 

By using the perturbation theory, due to the dissipative effects, the tran¬ 
sition rate between energy levels is calculated. It is shown that appreciable 
probabilities for transition are possible only if the transition and reservoir’s 
oscillators frequencies are nearly on resonance, e.g., if, E n ~ E rn — hu (stim¬ 
ulated emission) or by E n ~ E m + hu (absorption). Therefore, the particle 
on the sphere may be changed from lower(upper) states to upper(lower) ones 
by selecting suitable frequencies of the reservoir’s oscillators. 
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